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1 Introduction

This project is a continuation of what I did last summer, where I was able to show that given
certain conditions on edge weights, it is possible to embed the Bruhat-Tits tree into the hyperbolic
plane. When the edge weights get unruly, there are modifications we can make to hyperbolic space
so that the Bruhat-Tits tree can “fit” into the target space with arbitrarily small distortion. This
time around, we are interested in maps that go in the reverse direction. Because there is no longer
any hope that we could achieve an embedding, we instead aim to find a map that preserves some
structure. The “nice” map that we are looking for is known as a Dirac-Harmonic map. This is
a map f : M → N between the Riemannian manifolds M and N , which minimizes the following
energy functional: ∫

p∈M
||dfp||2 + ( /Dψ,ψ). (1)

If we view the mapping as a sort of elastic wrapping of the domain space to the target, then
these Dirac-Harmonic maps can be vaguely intuited to be those maps that minimize the stretching
of the target space while also keeping the spinors as close to equilibrium as possible. Since these
two things are being optimized in tandem, a Dirac-Harmonic map need not be harmonic (minimizes
stretching) nor Dirac (keeps spinors at equilibrium), though it can be in some cases.

The main obstacle to being able to start giving existence proofs of these maps from hyperbolic
space to the Bruhat-Tits tree is that the Bruhat-Tits tree is not a manifold. Viewed geometrically
as a p-regular tree, it is clear that every vertex of the tree is a source of singularity. Luckily, the
spectral triple construction borrowed from non-commutative geometry allows one to collect some
useful properties similar to those from the manifold structure from a space that isn’t smooth or even
necessarily realizable as a geometric object (non-commutative). Hence, the first aim of the project
is to establish a spectral triple for the Bruhat-Tits tree and use this to reformulate the definition of
a Dirac-Harmonic map in a more general way.

As is the case with most theory SURFs, the initial weeks for my project consisted of getting
a better understanding of the specific topics that manifested themselves in the statement of the
problem. This project had a particularly steep learning curve since it touched many different fields
of mathematics that I was not fully familiar with. Hence, we begin with an introduction to necessary
concepts.

2 Spin Structure and Spinor Bundles

Dirac operators act on spinors, which are defined to be sections of the spinor bundle. Hence, to
understand what is going on in the functional that defines a Dirac-Harmonic map, we must first
understand what the spinor bundle is.

We start of with an oriented Riemannian manifold (M, g). We can define two bundles over M
immediately just from the manifold structure: a tangent bundle TM, where the fiber over each
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p ∈ M is TpM and an oriented orthonormal frame bundle FSOM where the fiber over p is the set
of oriented orthonormal frames of TpM . Topologically, each fiber of the frame bundle is equivalent
to SO(n): We fix an orthonormal frame A (which can be written as an n× n matrix) for TpM and
then we can get any other frame as gA for g ∈ SO(n). Hence, each unique frame is in bijection with
the elements of SO(n).

It is a fact that there exists a simply connected double cover of the group SO(n) for all n ≥ 3,
which is denoted Spin(n). This means that locally the frame bundle has a double cover. A spin
structure describes the case where there is in a sense a global double cover for FSOM. More formally:

Definition 2.1. We say a pair (P, FP ) is a spin structure on the bundle π : FSOM →M if

(i) πp : P →M is a principal Spin(n)-bundle over M

(ii) Fp : P → FSOM is an equivariant 2-fold covering meaning π ◦ FP = πP and FP (p, q) =
FP (p)ρ(q), where ρ is the covering map from Spin(n) to SO(n), p ∈ P , and q ∈ Spin(n).

Suppose we have the representation σ : G→ Aut(V ) for some vector space V along with a prin-
cipal G-bundle E → B. From this, we can define the associated vector bundle to this representation
σ of G.

Definition 2.2. The σ-associated vector bundle to a principal G-bundle Q is given by Q ×σ V :=
{(q, v) ∈ Q× V }/ ∼, where ∼ is the equivalence relation defined by (p · g, v) ∼ (p, σ(g)v).

The spinor bundle is simply the ρ-associated vector bundle to the principal Spin(n)-bundle
P →M. The spinors are the sections of this spinor bundle.

3 Dirac Operator

The Dirac operator essentially aims to capture the notion of a “square root” of the Laplace operator,
and it acts on spinors as mentioned previously. The most reasonable guess for the form of such
an operator would be

∑
i γi

∂
∂xi
, for some coefficients γi. When squaring the operator we want the

coeffifcients to cancel for the terms where the indices don’t match up and want the coefficients to
multiply to one when the indices do match up. Hence we find the exact expression for the operator
by solving the equation: ∑

i,j

γiγj
∂

∂xi

∂

∂xj
=
∑
i

∂2

∂x2i
(2)

It turns out that the relations that this equation imposes on the γi are not satisfiable in R or
C. Instead one must move to a larger algebra that would allow such relations known as the Clifford
algebra. The dimension of the Clifford algebra required for such criteria to be satisfied is equal to
the dimension of the manifold over which the spinor bundle is defined. The form given in the above
equation assumes that the space on which the Dirac operator is acting on is Euclidean. However,
this is often not the case in practice. When working over more complicated manifolds, one must
replace the partial derivatives with covariant derivatives that take into account the curvature of the
space one is working on.

In the context of Dirac-Harmonic maps, we are considering maps φ : (M,h) → (N, g) and are
interested in the spinor bundle of M twisted by the pullback of the tangent bundle of N along φ
(i.e. φ−1TN). This means that the Dirac operator in this case acts on sections of the spinor bundle
ΣM ⊗φ−1TN, which has a very complicated covariant derivative. For a tensor product of spaces, if
one has a connection for each of the spaces individually the connection of the tensor product follows
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readily. It’s a well established fact that the Levi-Civita connection on M yields a connection on
ΣM that is compatible with multiplication within the Clifford algebra. It’s also a fairly standard
exercise to show that the Levi-Civita connection on N allows us to define a connection on φ−1TN .
We skip the work, but give the form of the operator from [1]:

Definition 3.1. We define the operator /D along the map φ : (M,h)→ (N, g) by the equations

/Dψ =
∑
i

γi · ∇i =
∑
i

∂/ψi(x)
∂

∂yi
(φ(x)) +

n∑
i,j,k=1

Γijk∇eαφj(x)eα · ψk(x)
∂

∂yi
(φ(x)) (3)

Here the eα are a local orthonormal basis for M and /∂ =
∑

α eα∇eα is the usual Dirac operator.

Now equation (1) from the introduction has an explicit form that we can attempt to minimize
in order to find Dirac-Harmonic maps.

4 Brief Idea of Spectral Triples

It is apparent from the previous section that the definition of the Dirac operator along φ is dependent
on the tangent space and manifold structure of the target space. The Bruhat-Tits tree is not a
manifold, however, and it is not immediately obvious from the geometry how to define the tangent
space or an analogous structure to the Riemannian metric. Luckily, the technique of spectral triples
from non-commutative geometry can lend insight into this problem.

It is very common in mathematics to simplify the study of a mathematical object by considering
the space of functions defined on the object. In elliptic geometry, one studies elliptic curves by
studying doubly periodic meromorphic functions. In probability one has a measure space that
consists of all possible outcomes, and one studies random variables which are measurable functions
on the outcome space. The idea of spectral triples is similar, but goes even further so that one can
completely disregard the space of points and only work with the functions defined on the space.
The definition (borrowed from nLab is as follows):

Definition 4.1. Let M be some space of points. A spectral triple consits of the following three
objects:

(i) A Z2-graded Hilbert space H, thought of as sections of the spinor bundle of M ;

(ii) An associative algebra A with a dense embedding A → B(H) into the C∗-algebra of bounded
operators on H, thought of as the algebra of smooth functions on M ;

(iii) A Fredholm operator D acting on H with some extra conditions, thought of as the Dirac
operator acting on the spinors.

The first two objects encapsulate the topology of and what would be analogous to smoothness
of M , while the third encapsulates the information that would be analogous to the Riemannian
metric and the covariant derivative of M . The latter is exactly the information we need in order
to be able to define /D as before. Hence, this Dirac operator will be of most interest when we are
trying to adapt [1] to the case where the target space is the Bruhat-Tits tree.
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5 Fredholm Module Associated to Bruhat-Tits Buildings

The construction of such a Dirac operator for the Bruhat-Tits tree has already been performed in
the literature, so we proceeded by studying this work. We began with the construction of Fredholm
modules (used interchangeably with spectral triple) for Bruhat-Tits buildings from Julg and Valette
[2]. Since we are not interested in higher dimensions for now, we restricted to the case of the building
associated to the algebraic group SL2(Qp). This was a good starting point, but Julg and Valette
are a bit terse and do not adequately explain some key components of their construction for the
inexperienced reader. After some searching, we were able to find a more through paper by Requardt
[5], which constructs a similar spectral triple in a different avenue of generality – the case of arbitrary
graphs. Conveniently, Requardt even goes as far to discuss the Connes-distance formula derived
from the Dirac operator in his spectral triple, something Julg and Valette omit.

We summarize the results of both papers for the specific case of the Bruhat-Tits tree and present
our preliminary attempt at modifying the Dirac harmonic energy functional into “manifoldless”
terms. Because Requardt’s work is more complete and easier to read, we use his construction
exclusively for our reformulations. However, we still digest the work of Julg and Valette for reference
in the event that we decide to examine higher dimensions (something Requardt does not discuss).

We begin with some definitions:
Bruhat-Tits buildings are simply those which are associated to the family of algebraic groups

{SLn(Qp)}. The Bruhat-Tits tree corresponds to the case where n = 2, and the associated building
is the familiar (p+ 1)-regular tree.

Let T denote the set of maximal compact subgroups of SLn(Qp) and choose an origin x0 ∈ T .
We now present some essential definitions:

Definition 5.1. Let x be a simplex in the building of SLn(Qp). We denote its barycenter as µ(x)
and define β(x) to be the unique simplex whose interior intersects the geodesic [x0 µ(x)].

This has straightforward implications for SL2(Qp): if x is a vertex β(x) simply denotes the first
edge in the unique path from x to x0, and if x is an edge then β(x) = x.

Definition 5.2. Let σ be a simplex in the building of SLn(Qp). We define the set

∆σ =
{
x ∈

⊔
k

∆k| β(x) = σ
}

(4)

where ∆k refers to the set of simplices in building of SLn(Qp) of dimension k. We will use σmin to
refer to the unique, smallest simplex of ∆σ, m to refer to the dimension of σmin, and Iσ to refer to
the set of simplices of dimension m+ 1 in ∆σ.

The only possible choices for σ in the Bruhat-Tits tree are edges, as no vertex is in the image
of β. But β(x) = σ only if x is the endpoint of σ farthest from x0, or if x is itself σ. Hence, we have
that ∆σ = {x, β(x)} for all σ, where x is any vertex not equal to x0.

Definition 5.3. If x and y are simplices we say x is well contained in y if x ⊆ y ⊆ β(x) and we
write x ∝ y.

For the Bruhat-Tits tree, the only case of well containment is if x is a vertex not equal to x0
and y = β(x).

It is a fact from representation theory that SLn(Qp) has n orbits on T . This will be taken
advantage of in the subsequent definition:
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Definition 5.4. Any k-simplex x of the building associated to SLn(Qp) can be identified with a
subset of cardinality k+ 1 in {0, 1, . . . , n}. This selection is defined to be the type of x and we write
it as T (x).

In our simple case of the Bruhat-Tits tree (where we are only dealing with a 1-skeleton) the
type of every edge is {0, 1}, and the type of each vertex can either be {0} or {1}. We want to use
this notion of a type to define a “sign” related to two simplices, where one is well contained in the
other. The definition of this sign for the case of higher dimensional buildings is rather involved and
not enlightening for our purposes, so we omit it here. Instead, we will just define ε(x, y) for x ∝ y
as (−1)−T (x).

Proposition 5.5. The function ε that assigns a sign to (x, y) for x ∝ y is SLn(Qp)-invariant

In our case, Iσ is just the set consisting of the single edge present in ∆σ, and we identify this
edge with T (σ) - T (σmin), where the “-” refers to the usual set operation. For every i ∈ Iσ, [2]
defines the function αi : ∆σ → ∆σ in a fairly involved way, but since our case is so simple (and Iσ
is one element) we can opt to instead define the analogous function α : ∆σ → ∆σ as just swapping
vertices and edges. Now we can finally give the definition for the γ matrix that appears in our Dirac
operator.

Definition 5.6. On `2(∆σ) we define an operator γ by γ(δx) = ε(x, α(x))δα(x) where x ∈ ∆σ and
δx is the canonical basis element of `2(∆σ).

From this it is clear that when x is a vertex γ(δx) = (−1)−T (x)δβ(x) and when x is an edge

γ(δx) = (−1)−T (x)δβ−1(x). Subsequently, we will now try to figure out the “derivative” component
that is usually present in the definition of the Dirac operator. The analogous construction will be
Clifford multiplication by a vector pointing from x0 to σ. We begin by choosing an apartment that
contains both x0 and σ. On the Bruhat-Tits tree, this amounts to picking an infinite path containing
the unique path from x0 through σ. In this apartment, we define Xσ to be the vector starting at x0
and ending at σmin.

Proposition 5.7. There exists a root system based at x0 such that any wall (in this case vertices)
in the apartment has equation 〈β,X〉 = k, where k is an integer and β is a root in said root system.

Here 〈β, α〉 = 2 · (β,α)(α,α) where (·, ·) is the usual Euclidean inner product.

Definition 5.8. For i ∈ Iσ we define a set of roots Bi with the following conditions:

(i) Each root in Bi is constant on the unique simplex of type T (σ) - {i}.

(ii) The scalar product λi(Xσ) = 〈β,Xσ〉 is positive and maximal with respect to other roots in the
root system.

While this sophisticated approach will be useful in the case of higher dimensional Bruhat-Tits
buildings, it is unnecessarily complicated for the tree. The apartments in the case of the tree are
copies of R, which have the simple root system consisting of two vectors of the same magnitude
pointing in opposite directions. In order to satisfy the condition that 〈β,X〉 = k, we must choose the
vectors to be those that extend only as far as the nearest vertices to x0 (we define this magintitude
to be the unit). It is also clear that in the case of the tree, Bi is simply the root that points in the
direction of σ from the vantage point of x0. Clearly, λi(Xσ) is independent of the chosen apartment
because it only depends on the path from x0 to σ, which remains the same in all possible choices of
apartment. Finally, we have the definition of the Dirac operator:
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Definition 5.9. We define an operator Dσ : `2(∆σ)→ `2(∆σ) by

Dσ =
∑
i∈Iσ

λi(Xσ)γi (5)

Moreover, we consider the Hilbert space H =
⊕

σ `
2(∆σ) and define the operator D =

⊕
σDσ.

In the end, the definition we obtain for the Dirac operator on the Bruhat-Tits tree is quite
simple, but there are some sources of confusion.

(i) Ostensibly, `2(∆σ) refers to the space of square summable functions on ∆σ. However, it seems
that for reasonable choices of buildings, ∆σ would always be a finite set. Therefore, this
condition would just be equivalent to the space of bounded functions on ∆σ. This could make
sense, but it begs the question of why we could not equivalently choose `n(∆σ) for n > 2?

(ii) More importantly, Julg and Valette claim that
⊕

σ `
2(∆σ) =

⊕
k `

2(∆k), which seems to admit
a counterexample. Consider the case of a function that takes the value 1 on every edge and
vertex. Clearly, this function is square summable when restricted to ∆σ, but it is not square
summable when restricted to all edges or all vertices. So this function belongs to

⊕
σ `

2(∆σ)
but not

⊕
k `

2(∆k).

6 Dirac Operators on Arbitrary Graphs

Until we consider Bruhat-Tits buildings in general, we will ignore the above qualms and instead
move our attention to the work of Requardt, who arrives at a similar construction as [2] (if one
restricts to the Bruhat-Tits tree). The difference is that instead of generalizing to the case of higher
dimensional buildings, Requardt constructs an adequate spectral triple for arbitrary graphs. This
has the advantage of simplicity, and it is easy to apply to the well-behaved (p+ 1)-regular tree. In
the summary that follows, we will restrict to the case of undirected graphs for brevity, though the
directed case is not very different.

We denote the nodes of our graph ni, with vi representing the vertex degree of the ith node.
The edges of the graph will be indexed by the concatenation of the index of the source node with
that of the terminal node. i.e. An edge between ni and nk would be written as dik. The Hilbert
space in our spectral triple will be over the field of complex numbers and will have {ni} and {dik} as
basis elements. The scalar product in the Hilbert space will be induced by the following relations:

(ni| nk) = δik (dik| dlm) = δik · δlm (6)

Definition 6.1. Formally, we define the Hilbert space H0 as square summable functions of the form
f =

∑
i
fini and H1 as square summable functions of the form g =

∑
i,k

gikdik with fi, gik ∈ C and

gik = −gki.

The above definition is slightly different than the one presented in [5], as we are restricting to
the case where edges are undirected. What Requardt calls Ha

1 , we now define to be H1. If we
were to consider higher dimensional simplicial complexes instead of graphs, we could continue this
“chain” of Hilbert spaces up to Hk, k being the dimension of the simplicial complex in question.
This is reminiscent of the ubiquitous notion of cochain complexes from algebraic topology. Viewing
the problem through this lens will actually turn out to be useful, so we now proceed by defining
analogous maps to the coboundary and boundary maps.
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Definition 6.2. We define the boundary map δ : H1 → H0 by dik 7→ nk and the coboundary map
d : H0 → H1 by ni 7→

∑
k

(dki − dik), where k ranges over edges rooted at ni (there are vi terms).

It is a straightforward computation to check that the composition of the coboundary and bound-
ary map simply yields the usual graph Laplacian:

δdf = −
∑
i

(
∑
k

(fk − fi))ni = −∆ (7)

Moreover, one can check that the adjoint operator of the coboundary map d is simply 2δ. Since
the Dirac operator is often viewed as a sort of square root of the Laplace operator, equation (4) is
already quite suggestive. Indeed, we have all the ingredients necessary to construct what Requardt
calls the spectral triplet:

Proposition 6.3. Let H = H0 ⊕ H1, let F be the algebra of bounded node functions or more

compactly, {f | sup
i
|fi| < ∞}, and let D =

(
0 d∗

d 0

)
be the Dirac operator acting on H. Then

(H,F , D) satisfies the conditions of a spectral triplet.

The difference between Connes’ definition of a spectral triple and Requardt’s spectral triplet is
whether D is bounded. Since H is in general infinite and D is bounded in the above definition,
there is no hope that D−1 would be compact. Hence, the compactness condtions for (D − z)−1
and (D2 − z)−1 in the Connes formulation of a spectral triple will also not hold. Luckily, there are
ways to turn D unbounded if necessary, but we will perform such modifications only if they become
relevant in future work.

Now, notice that D2 is a diagonal matrix that acts on the subspace H0 with the operator d∗d
and acts on the subspace H1 with operator dd∗. Using the equations derived previously, it can
be seen that d∗d = −2∆, the graph Laplcian on H0. Similarly, it can be shown that dd∗ is the
corresponding operator on H1. Hence, the Dirac operator squares to something that looks like the
Laplacian as one would expect (the block form makes it act as the correct version of the Laplacian
for the subspaces H0 and H1).

We also notice that there is a natural action of F on H0 and H1: Let f ∈ F , f ′ ∈ H0, and
g ∈ H1 then

f · f ′ =
∑
i

fif
′
ini and f · g = f ·

∑
i,k

gikdik =
∑
i,k

figikdik (8)

This observation is essential for understanding the commutator [D, f ] = Df − fD, which will be
used for the below definition of Connes distance on the Bruhat-Tits tree. We include the above
action since it is specific to the case of graphs, but we omit all the work surrounding this definition
since it is a trivial application of a formula from non-commutative geometry.

Definition 6.4. We define the distance between two nodes n and n′ on a graph to be

distC(n, n′) = sup
f
{|fn′ − fn|; ||[D, f ]|| = ||df || ≤ 1} (9)

Here || · || is the operator norm, and ||[D, f ]|| can be computed in explicit form from the previously
established definitions.

From here we can begin to tackle the problem of reformulating the definition of Dirac harmonic
maps.
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7 Preliminary Results

We examine the energy functional from the definition of a Dirac harmonic map:∫
p∈M
||dfp||2 + ( /Dψ,ψ). (10)

As it stands, both summands in the above functional contain terms that depend on the existence
of a manifold structure on the source and the target spaces. Luckily, Gromov [6] came up with
a suitable reformulation of the the first term in his examination of harmonic maps into singular
spaces. He proves that up to a normalization constant, the following functional is equivalent:

E(f) = lim
ε→0

sup ε−dimM
∫
Nε

S(m1,m2)dm1dm2, where S(m1,m2) =
||f(m1), f(m2)||2N
||m1,m2||2M

(11)

Here, Nε is an ε-neighborhood of the diagonal in M ×M, and the action S represents the squared
ratio of stretching between the distances in M and N.

It only remains to reformulate the /Dψ component of the “Dirac” term in (7), which expands to
the following (as shown in the previous report):

/Dψ =
∑
i

∂/ψi(x)
∂

∂yi
(φ(x)) +

n∑
i,j,k=1

Γijk∇eαφj(x)eα · ψk(x)
∂

∂yi
(φ(x)) (12)

The trouble is that this expansion requires the usual notion of TN , which is not possible without a
manifold structure. The first attempt at getting around this hurdle, was to reformulate [1] in terms
of spinors twisted by the cotangent bundle T ∗N instead. While we do not know how to think about
sections of TN (vector fields) in this context, we know that sections of T ∗N are simply the 1-forms
Ω1(N). Connes shows that Ω1(N) can be canonically defined using the spectral triple of N , so this
approach seemed promising at first. However, there is no reference in the literature of a natural way
to define a covariant derivative on this space of 1-forms, which makes the dual approach equally
fruitless.

After much contemplation, we decided to solve the problem of tangent space by avoiding it
altogether. We will proceed by trying to encapsulate mostly the same information from the twisted
spinors as defined in [1] using only the spinor bundle of the source and target space. This is rather
tricky because the literature regarding the twisted spinors of interest is sparse, so we will have
carefully analyze essential properties to include in our reformulation.
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