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Abstract

Fixed points often elucidate the behavior of a function in various ways. This paper
is an exposition of the Lefschetz Fixed Point Formula, perhaps the most important
tool for the characterization of fixed points. We begin by presenting the necessary
background of simplicial approximation. We then give a detailed, comprehensible proof
of the main theorem and show how other familiar results such as Brouwer’s fixed point
theorem follow directly. This is followed by a brief presententation of some intersection
theory, aimed at gathering intuition about the information encoded in the Lefschetz
number. Finally, we work through some useful examples, where the theorem is applied.

1 Introduction

When studying a function, it is often useful to have some characterization of its fixed points.
These tend to have some connection to equilibria, and in many applied fields the fixed points
of carefully constructed functions can have appreciable physical meaning. In condensed
matter physics for example, the fixed points of a theory correspond to important critical
phenomena associated to phase transition.

Throughout different fields and branches of mathematics, there are numerous fixed point
theorems, which are framed in terms of functions between spaces of varying properties based
on context. A widely applicable one is the Lefschetz fixed point theorem. This fundamental
result in algebraic topology generalizes the ubiquitous Brouwer fixed point theorem, which
guarantees the existence of a fixed point for any function from a compact, convex set to
itself. Moreover, the the Lefschetz number that appears in the theorem relates closely to the
notion of Euler characteristic of a CW complex.

In this paper, we introduce the machinery necessary to prove the theorem and explore
the above mentioned relationships. We will also dip our feet into intersection theory to state
an important application of Lefschetz number, which characterizes fixed points of a function
more than the statement of the theorem might initially suggest. Finally, we compute in
depth a few more specific applications of the theorem in order to illustrate its usefulness.

We will begin by introducing the notion of a simplicial map, which is crucial to this topic.



2 Simplicial Approximation

Definition 2.1. If K and L are simplicial complexes, then a map f : K → L is said to be
simplicial if it sends each simplex of K to a simplex of L by a linear map taking vertices
to vertices. In barycentric coordinates, a linear map of a simplex [v0, · · · , vn] has the form∑

i tivi 7→
∑

i tif(vi).

Because simplicial maps are linear on vertices, they send n-simplices to n-simplices, which
makes them very convenient to work with. Luckily, we can always slightly modify a map
from a finite simplicial complex to an arbitrary simplicial complex via barycentric subdivision
and homotopy to fit this nice structure. This is the content of the simplicial approximation
theorem, which we will prove using the following short lemma.

Lemma 2.2. For vertices v1, · · · , vn of a simplicial complex X, the intersection st(v1) ∩
· · · ∩ st(vn) is empty unless v1, · · · , vn are the vertices of a simplex σ of X, in which case
st(v1) ∩ · · · ∩ st(vn) = st(σ).

Proof. The intersection of the stars of the vi consist of all the interior of all simplices that
have all of the vi as vertices. If this intersection is nonempty, it follows that the simplex
σ = [v0, · · · , vn] belongs to the intersection of stars. Moreover, any simplex that has all of
the vi as vertices must also contain σ, so the intersection of stars is just precisely st(σ), as
desired.

Theorem 2.3. (Simplicial Approximation) If K is a finite simplicial complex and L is
an arbitrary simplicial complex, then any map f : K → L is homotopic to a map that is
simplicial with respect to some iterated barycentric subdivision of K.

Proof. We endow K with a metric d : X ×X → R so that each simplex in K is isometric to
the standard simplex. Consider the open cover of K given by {f−1(st(w)) | w is a vertex of
L}. It follows from the Lebesgue number lemma that there exists ε > 0 such that every subset
of X having diameter less than ε is contained in some member of the cover. A barycentric
subdivision shrinks the diameter of each n-simplex by at least a factor of n

n+1
. Hence, we

can iterate this operation until all simplices in the subdivided complex have diam(σ) < ε
2
.

From this we have that the the closed star of each vertex v in the subdivided complex, K̃ has
diameter less than ε. By construction, it follows that f maps the closed star of each vertex
of K̃ to the open star of some vertex g(v) of L. We define the map g : K̃0 7→ L0 by taking v
to the corresponding g(v).

The idea is to now extend g to a simplicial map from K̃ → L. To do this, consider
an arbitrary n-simplex σ = [v1, · · · , vn] ∈ K̃. For all x ∈ Int(σ) we have x ∈ st(vi) for
i ∈ [1, · · · , n] =⇒ f(x) ∈ st(g(vi)) for i ∈ [1, · · · , n]. Thus, st(g(v1))∩ · · · ∩ st(g(vn)) 6= ∅ so
by the above lemma [g(v1), · · · , g(vn)] is a simplex of L. This allows us to extend g linearly
over [v1, · · · , vn] =⇒ by definition g is simplicial. The linear homotopy between f and g is
clearly continuous, hence providing the desired homotopy and completing the theorem.



3 Lefschetz Fixed Point Theorem

The following two definitions will elucidate the statement of our main theorem.

Definition 3.1. Let f : X → X be a continuous map. Then f induces a lattice homomor-
phism f∗n : Hn(X)/Tors(Hn(X))→ Hn(X)/Tors(Hn(X)). Here Tors(Hn(X)) is the torsion
subgroup of Hn(X).

Definition 3.2. Let X be a compact topological space with finitely generated homology⊕
nHn(X) and let f : X → X be a continuous map. Then L(f) =

∑
n(−1)ntrf∗n is

called the Lefschetz number of f.

A particular case of a Lefschetz number is the Euler characteristic of a CW complex X,
given by

∑
n(−1)n rankHn(X). We can retrieve this value by taking f : X → X to be the

identity or a map homotopic to the identity. In this case, f∗n would just be the identity,
so its trace is k, where k is the rank of Hn(X)/Tors(Hn(X)). Inserting into the Lefschetz
formula we get that L(X) = χ(X), as desired.

We will now introduce an algebraic lemma that we take without proof and use along with
simplicial approximation to prove the Lefschetz fixed point theorem.

Lemma 3.3. Let A, B, and C be finitely generated abelian groups that can be arranged in a
short exact sequence. Let α : A → A, β : B → B, and γ : C → C be endomorphisms that
yield the following diagram with exact rows:

0 A B C 0

0 A B C 0

α β γ

Then the trace of the endomorphisms is additive in the following sense, tr(β) = tr(α)+tr(γ).

Theorem 3.4. If X is a finite simplicial complex, and f : X → X is a map with L(f) = 0,
then f has a fixed point.

Proof. Because of its importance, we will prove this in full detail.
We proceed by contraposition: Suppose that X is a finite simplicial complex and f :

X → X has no fixed points. Just as in the proof of the simplicial approximation theorem,
we can endow X with a metric d : X ×X → R such that every simplex in X is isometric to
the standard simplex. Since f has no fixed points and X is compact, it follows that there
exists δ > 0 such that d(x, f(x)) > δ for all x ∈ X. Again, we can iteratively subdivide
until for all simplices σ in the new simplex L formed from the barycentric subdivisions,
diam(st(σ)) < δ/2.

Under this subdivision, we can now view f as a map from L → L. It follows from the
simplicial approximation theorem that there is a further subdivision K of L and a simplicial
map g : K → L homotopic to f. Just as in the argument for the proof of the simplicial



approximation theorem, we see that for all simplices σ ∈ K, f(σ) ⊂ st(g(σ)). Moreover, we
claim that g(σ) ∩ σ = ∅. To see this, let x be an arbitrary element of σ. We have that g(σ)
and f(x) are both in the star of the simplex g(σ), so they are at most a distance δ/2 apart.
Similarly, σ is contained in a simplex of L so it is also at most a distance δ/2 away from x.
Notice that if we take two balls of radius δ/2 around x and f(x), these balls are disjoint since
d(x, f(x)) > δ and they contain the entirety of σ and g(σ) respectively. Hence, g(σ)∩ σ = ∅
as desired.

The maps f and g are homotopic and Lefschetz number is invariant under homotopy =⇒
L(f) = L(g). Simplicial maps take n-simplicies to n-simplicies, so g takes the n-skeleton of
K to the n-skeleton of L. Hence, we have that g(Kn) ⊂ Kn since the n-skeleton of L belongs
to the n-skeleton of K. It follows that g induces a chain map from the cellular chain complex
{Hn(Kn, Kn−1)} to itself, which yields the following diagram:

· · · Hn−1(K
n−1, Kn−2) Hn(Kn, Kn−1) Hn+1(K

n+1, Kn) · · ·

· · · Hn−1(K
n−2, Kn−1) Hn(Kn, Kn−1) Hn+1(K

n+1, Kn) · · ·

g∗ g∗ g∗

dn−1 dn

Defining Cn to be Hn(Kn, Kn−1), Zn to be Ker(dn), and Bn to be Im(dn+1), we can apply
essentially the same argument as in the proof of theorem 2.44 of Hatcher along with the
trace additivity lemma in order to get the alternate Lefschetz formula:

L(g) =
∑

n(−1)ntr(g∗ : Hn(Kn, Kn−1)→ Hn(Kn, Kn−1))

Now, the above proved claim that g(σ) ∩ σ = ∅ means that g does not take vertices of
simplices to themselves, so the matrix representation of induced g∗ has zeros down the
diagonal. Therefore, tr(g∗ : Hn(Kn, Kn−1) → Hn(Kn, Kn−1)) is 0 for all n, which means
L(g) = 0. This completes the proof.

We can derive Brouwer’s fixed point theorem effortlessly from this powerful result:

Theorem 3.5. Let f : Dn → Dn be a map from the n-dimensional unit disk to itself. Then
f has a fixed point.

Proof. Dn is contractible for all n, so we have that Hn(Dn) = 0 for n > 0 and Z for n
= 0. Hence the formula for L(f) reduces to tr(f∗ : H0(D

n) → H0(D
n)). For every such

f, the induced map on the 0th homology group is nontrivial and thus has nontrivial trace
=⇒ L(f) 6= 0. By the Lefschetz fixed point theorem, f has a fixed point.

Another fairly direct implication of the Lefschetz fixed point theorem is the popularly
recognized hairy ball theorem, which essentially generalizes the fact that there is no nowhere
vanishing, smooth vector field on S2. Again, this illustrates the intimate connection between
the Leschetz fixed point formula and Euler characteristic.



Theorem 3.6. Let X be a compact smooth manifold (not necessarily orientable, and maybe
with a nonempty boundary), and let ξ be a vector field on X. Suppose that ξ has no zeroes
and that on the boundary ∂X it is directed inside X. Then χ(X) = 0.

Proof. The following is a very intuitive proof provided by Fomenko and Fuchs. We can
think of a vector field ξ on X as a flow ft : X → X where t represents the passing of some
artificial time. For short enough time ε after the initial configuration given by ξ, the fixed
points of the flow are clearly just the zeros of ξ. But since ε is small, fε is homotopic to the
identity map, whose Lefschetz number is just the Euler characteristic of X by the earlier
discussion. It follows that, L(fε) = χ(X) since homotopic maps have the same Lefschetz
number. Moreover, if ξ has no zeros then no matter how small we choose ε, fε does not have
any fixed points and thus L(fε) = 0 =⇒ χ(X) = 0, as desired.

4 Intersection Theory

While it is very nice how easily these results fall out from the Lefschetz fixed point theorem,
it would seem that the only useful information we are taking from the Lefschetz formula is
whether or not it is zero. This is actually not the case. Non-zero Lefschetz numbers of a
map f : X → X can actually give us some count of the fixed points of f, provided that X
is well-behaved enough. The next theorem makes this concrete, but it requires some extra
machinery from intersection theory. This branch of topology requires quite some work to
present in its entirety, so we aim to give enough of an introduction to understand the perti-
nent result without the messy, unenlightening details of the proof.

There are two approaches one can take to study intersection theory. The first is the differ-
ential topological approach, which makes the strong assumption that the studied manifold
be smooth. In this approach, intersection number has a very geometrically clear meaning
and thus is very intuitive. The second approach is algebraic, which is more useful in the
sense that it doesn’t require the smoothness condition, so we can continue working with
merely triangulated manifolds. However, a lot of intuition is lost in the messy computation
of lemmas and theorems that come from this geometrically abstracted approach.

We start with the algebraic definition of intersection number specifically regarding homo-
topy classes.

Definition 4.1. If α1 ∈ Hm(X) and α2 ∈ Hn−m(X) then the integer φ(α1, α2) := 〈D−1α1, α2〉
is called the intersection number. Here D is the Poincaré isomorphism.

With this, we can present the result of interest:

Theorem 4.2. Let X be a triangulated compact orientable n-dimensional homology manifold
and let f : X → X be a continuous map. Let F : X → X ×X defined by x 7→ (x, f(x)) be
the graph of f, and let ∆ : X → X ×X defined by x 7→ (x, x) be the diagonal map. Then

φ(F∗[X],∆∗[X]) = L(X).



The meaning of this theorem and what it implies about the Lefschetz formula becomes
more clear if we acquire a geometric feel for intersection number. Luckily, we can move
between the above-stated definition of intersection number to the more visceral definition
from differential topology by way of the following theorem.

Theorem 4.3. Let X be a smooth, closed, oriented n-dimensional manifold, and let α1 ∈
Hm(X), α2 ∈ Hn−m(X). Let Y1 and Y2 be closed, oriented submanifolds of X of dimensions
m and n − m which realize α1 and α2 in the sense that α1 = (i1)∗[Y1] and α2 = (i2)∗[Y2]
where i1, i2 are inclusion maps. We assume also that Y1, Y2 are in general position (which
means that they intersect in finitely many points and transverse to each other at each of
these points). We assign a sign to every intersection point: plus if the orientations of Y1 and
Y2 (in this order) compose the orientation of X at this point, and minus otherwise. Then
the intersection number φ(α1;α2) equals the number of the intersection points of Y1 and Y2
counted with the signs described above.

In this interpretation, we have that the Lefschetz number of a map f : X → X is simply
given by the intersection number of the diagonal map and the graph of f as submanifolds of
X×X. This corresponds precisely to the fixed points of f, so the Lefschetz number is simply
the algebraic number of fixed points, with some cancellations given by the signs provided
by the above theorem. Moreover, if we take f to be the identity map on X we have that
the graph of f is just the diagonal map, thus L(f) = χ(X) is the intersection number of the
diagonal with itself as a submanifold of X ×X.

5 Examples

We now move to some decently involved examples of Lefschetz number calculations. A
simple application of the universal coefficient theorem gives us an equivalent formulation of
the Lefschetz fixed point formula in terms of cohomology, which allows us to exploit the
useful ring structure in our computations. For coefficients in a field F, we have the following
formula for a map f : X → X.

L(f) =
∑

n(−1)ntr(f ∗ : Hn(X;F )→ Hn(X;F ))

Example 5.1. This example will take parts from exercises 2C.3 and 3.2.4 of Hatcher. Con-
sider the complex projective plane, CP n :

We first prove 2C.3, which is to show that the map f : C2k → C2k defined by f(z1, · · · , z2k) =
(z2,−z1, z4,−z3, · · · , z2k,−z2k−1) induces a quotient map CP 2k−1 → CP 2k−1 with no fixed
points. This follows a similar argument as in the real case that is sketched in Hatcher. In-
vertible linear transformations from Cn → Cn must take lines passing through the origin to
lines passing through the origin, and thus they induce maps on complex projective spaces
of dimension n − 1. The eigenvectors of f span one-dimensional eigenspaces that are taken
to themselves, so they correspond to fixed points the map f induces on complex projective
space. However, it can easily be seen by computing the matrix representation of f that there
are no eigenvectors =⇒ the induced map on complex projective space has no fixed points,



as desired. Hence, we can always find a map with no fixed points from CP n → CP n if n is
odd.

The case for even n is a bit more involved and is addressed in exercise 3.2.4. We will show
that every map from CP n → CP n has a fixed point in this case. For real projective space,
we can make the same argument as in the proof of the Brouwer fixed point theorem since
the homology of RP n modulo torsion is the same as that of a point if n is even. However,
as calculated in Hatcher there are many homology groups for complex projective space that
are nonzero modulo torsion.

It will be convenient to move to cohomology now. We have that H∗(CP n) = Z[α]/α2n,
where α is degree two (the cohomology groups of CP n are all zero except H2k, which is 0 for
k ∈ [0, 1, · · · , n]). The map f induces on the second cohomology group of CP n is a homomor-
phism from Z→ Z. Therefore, there exists a constant c such that f ∗ : H2(CP n)→ H2(CP n)
is defined by taking α 7→ cα. The cup product structure of the cohomology of CP n then
implies f ∗ : H2k(CP n)→ H2k(CP n) takes αk 7→ ckαk. The trace of this map is simply ck, so
the Lefschetz number of f is given by L(f) =

∑n
i=0 c

i. For even n this sum is clearly nonzero
which by the Lefschetz fixed point theorem implies that f must have a fixed point.

Example 5.2. This next example is taken from the exercises at the end of section 17.6 of
Fomenko and Fuchs. We attempt to compute the Lefschetz number of a map f : T n → T n.

The n-dimensional torus can be viewed as Rn modulo integral distance translations along
any coordinate. i.e. T n = Rn/Zn. Any map on T n must therefore be induced by a map
on Rn that takes Zn to itself. This parent map f̃ is rather well behaved and can easily
be represented by a square matrix of dimension n. The action of this parent map on Zn is
directly related to the action of f ∗ on the first cohomology group of T n. To see this, note
that H1(T n) is generated by n homomorphisms that each act as the identity on a single,
distinct one-cell of T n. Hence, the coordinate-wise action of f̃ on Zn corresponds to the
scaling of the aforementioned generators of H1(T n) by f ∗. This gives the useful association
tr(f ∗ : H1(T n)→ H1(T n)) = tr(f̃).

As in the previous example, we will exploit the ring structure of H∗(T n) provided in
chapter 3.2 of Hatcher to compute the action of f ∗ on higher cohomology groups. Assuming
coefficients in Z, we have that H∗(T n) = ∧Z[α1, · · · , αn], where the αi are the generators
of H1(T n). It follows that the action of f ∗ on Hk(T n) is the same as the action of ∧kf̃ on

∧kZn since the kth cohomology group of T n is Z(n
k). Hence, tr(f ∗ : Hk(T n) → Hk(T n)) =

tr(∧kf̃). Summing over all k we get L(f) =
∑n

i=0tr(∧kf̃), an easily calculable quantity from

the matrix representation of f̃ .
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